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Vertex-centered approximation methods

The degrees of freedom are located at the vertices of the mesh

Finite elements 1

Finite differences %
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Cell-centered approximation methods
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Unknowns : average value in each cell Control volume = cell
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The model problem

div(—K grad p) = f inQ
p = p on0f) if Dirichlet
—K@ = g¢g on Jf) if Neumann
on
For flow in porous media :
p, pressure K, permeability u=—K grgd p, Darcy velocity

K = , 0<a<(Kz,x) <,z R

Sl



The Sobolev space H'(1Q).

HOQ) = 12(Q)  alg = /Q () dz
H'(©) = {g € L2(9); grad q € (13()?}
lal20=lalZo+ld2a  lakao= / | grad q2(z
The trace ¢|r of ¢ € HY(Q) is in HY2(T")

0
The trace a—qlr of ¢ € H(Q) is in H~'/2(I"), the dual space of H'/2(T").
n



Weak primal formulation

Assume K € L>=(Q), f € L*(Q).

e Neumann boundary conditions: g € H~1/2(9).

Find p € HY(2) such that

/Kgrgdp- grgdq:/fq—<g,q>, g€ H'(Q).
Q Q

e Dirichlet boundary conditions: p € H'/2(0).
Find pe V5= {q € H(Q),q = p on 9Q} such that

/Kgrgdp- gr_z;dq:/fq, q € V.
Q Q
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An example with a discontinuous K

In one dimension, 2 =]0,2[, f =0, p(0) =0, p(2) =1.

K =10 K =100

[ @ @
0 1 2
ou
Pt 0 == wu constant thus very smooth.
x

p continuous, piecewise linear, op discontinuous at * = 1 = p is not smooth.

ox

1 has a physical meaning and is a good mathematical and numerical unknown.
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APPROXIMATION WITH MIXED FINITE ELEMENTS
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Mixed formulation

Write the elliptic problem as a system of first order equations:
divu = f, U:—Kgrgdp, in (2

p=ponlp, u-i=gonly, DInyUIp=T=09.

Assume that f € L?(Q) so divii € L?(Q).
Therefore we take @ € H(div,Q) = {v € (L*(Q))*; div v € L*(Q)}.

Multiply the second equation by K ~1, then by ¥, integrate over 2 and by parts.
We obtain /(K‘lﬁ) -U—/pdivﬁz —<p,U-1>
Q Q

Recall Green's formula: / gr_z;d q-fD’—I—/qdivU:/qU-ﬁ.
Q Q T

It is sufficient to take p € L3*(Q), 4 € H(div, Q).
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Properties of H (div, 2)

H(div,Q) = {v € (L*(Q))?%;div v € L*(Q)} is an Hilbert space with norm

||77||H(div,g) = H’17HL2(Q) + HdiV’UHL?(Q)-
Traces (¥ - 7)|r of functions ¥ of H(div, ) are in H~Y/2(T"),

so boundary data must be such that p € H'/2(I'p), g€ HY/2(Ty).
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Notations

The data are f € L?(Q),p € HY?(T'p),g € H/?(T'y).
The spaces are M = L*(Q), W = H(div,Q), W, = {0 € W;v-5i =g on I'y}.

Introduce the forms

a: (LAQP2x (IXQ)? —R a5 = / (K4) - 5,
9]

b: W x M — R, b(v,q) = /qdivﬁ,
9]

Ly : W — R, lw(ﬁ) = / —pU-n,
I'p
9]
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Mixed formulation

The problem is

p

Find & € W, and p € M such that
Pm§  a(u,v) —=b(¥,p) = Iw(7), v € W,
b(ﬁa Q) — lM(Q)a q € M.

16



Discretization of the domain

1. Let 7}, be a discretization of €. Card(7,) = ne = number of cells.
A}, be the set of edges. Card(Ap) = na = number of edges

h the largest diameter of the cells.

a rectangular mesh a triangular mesh

2. Define
e an approximation p;, of p in M, a finite dimensional subset of M

e an approximation uy of w in V), a finite dimensional subset of V.

17



Approximation space for the scalar unknown

M, = the space of functions ¢;, in M which are

constant over each triangle constant over each rectangle

dim M}, = ne = number of elements

The degrees of freedom are
p, an approximation of the average value of p over the cell T', T € 7.

. 1 ifzeT
A basis is {x; };c7, such that x,(z) =

0O otherwise

Then p;, = Z DXy
TETh
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Approximation of the vector unknown

W, = {?7h e W; ﬁh|T e Wr,T 7;1}

on each triangle on each rectangle
L x1 b o ari+ b
Wr = {Uh; Upjr = a + b Wr = {0 Opr =
T C cxro + d

Functions ¢ € YWr are uniquely defined by / v-np, B COT.
E

19



On remarque que diviW, = M,,.
dimWV, = na = number of edges.

The degrees of freedom for WV, are
wp an approximation of the flow rate of u across E,/ u-ng, Fe A,
E
n g a chosen unit normal to F.

A basis of W, is {17E}E€Ah such that /UE Mg =0 r, F € Ap.
F

Then, ﬁh = E UEUE
EcA,y

20



e For rectangles v is:

Basis functions of VW,

PE by

> > = e
> > > > —
> = oo > —
= = . - —
> > > > —
= oo - > —
E
> > = —

e For triangles vy is:

21




The approximation problem

Assume the data p, g are piecewise constant on the edges EE C I'.
Introduce Wy, = {0 € Wy;U =g on '}

The approximation problem is

i

Find i), € Wh, and p, € M, such that
Pmn §  a(tp, Un) —b(Oh,pn) = Iw(h), Up € Who,

b(ﬁhv Q) — ZM(Qh)v dn € Mh-

\
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Discrete equations

The unknowns are the degrees of freedom:

Find {pT}TeTh, {uE}EeAh such that

/K_lz UF?7F°’I7E—/ ZPTXTdiV77E = / —pUg-n, Ee€ A, E¢Z 'y
Q

FeA, Qe I'p
/ div Z URUE XT — J xr, T eT,
02 EcAy 2

ug = g|E|, F CI'y (assuming g = 1)
Find {pT}TGTh, {uE}EeAh such that

Z UF/ K '0p - vp — ZPT/XTC“VUE = / —pUg-n, BEc A, E¢Z 'y
Q Q I'p

FeA,, TeT,,

Z UE/ divig xr = J Xt T eT,
EcA,y 2

UE:g‘EL ECly.
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Algebraic system

This leads to the linear system

A —'D U
D 0 P

SRR

with P = {pT}TeTh7 U = {uE}EGAh,EgZFN'
This linear system is not positive-definite.
e For triangles A has 5 nonzero entries per row

e For quadrilaterals A has 7 nonzero entries per row

24



On a rectangular mesh

. hi;
‘nZ

1,5+ 1

A rectangular j+1/2
mesh for €2 hsz i i+ 1,4 j
j—1/2
71

i—1/2 i i41/2 .

We take ngp = nq if E is vertical, ng = no if E is horizontal.

Note that
Z uE/ divig x7 = Z uE/ divug.
E€ Ay, 2 ECOT T

Thus the second discrete equation gives

Uit1/2,j — Uij—1/2 T Wij41/2 — Ui—1/2,5 = / i

25



Consider now the first discrete equation.

Denote N (F) the set of the 2 cells adjacent to F if E ¢ T’
1 cell adjacentto £ if EC T

o If £ = Ei_|_1/27j,E ¢ FD .

> PT/ xrdivip = ) pT/ divUg = pij — Dit1,5-
TeTy, {2 TeN(E) s

o If £ = Ei_|_1/27j,E C FD .

Z pr [ xTdivig = p;; assuming L lies on the right of the domain,
TETh Q

Z pT/ X7 divig = —p;11; assuming E lies on the left of the domain.
TETh §2
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o IfE:EZ_I_l/QJ,EgZF

ZUF/K UF ’UE— Z ZUF/K_lgF'UE:
Q

FeAy, TeN (E) FedT

ui—|—1/2,j/ K™ Uig1/2,5 - Vig1/2,5 + ui—l/Z,j/ K™ U;_1/2 " Uip1/2,; +

Uj,j+1/2 K705 1172 " Vig1y2,5 + Ui j—1/2 K™ 0; j_1/2 " Uig1/2,5 +
ui—|—1/2,j/ K™ U125 Vig1/2,5 + ui—|—3/2,j/ K™ Uig3/2,5 " Vig1/2,5 T
Tit1,j Tit1,j
Uit1,5+1/2 K Vit1,j41/2 " Vit1/2,5 T Wit1,5—1/2 K Vit1,j—1/2 " Vit1/2,5
Tit1,j Tit1,j

e If £ C T, say for instance 7 = 0 (left boundary):

’LLF/K ’UF ’UE— Z ZUF/K_lﬁF'ﬁE:
FeAy, TeN (E) FedT

“1/2,3'/ K™ U125 V12,5 + U3/2,j/ K™ U305 - V12,5 +

ul,j+1/2/ K70y jr1y2 - U125 + Ul,j—1/2/ K™ vy 12 - U125
Ty, 0w

27



Denote K1 =

with ol = k?/k,a? = k' /K, a'? = k1?2 /k, k = KK — (E12)2

—1 - —
K™ U125 Vit1/2,5
K17 T .
Vi—1/2,5 " Vi+1/2,;

—]_—» —
/ K Vi j4+1/2 " Vit1/2,5

1
@ hy;

3 hgj

o hi
§ hgj

12
iJ

4

O
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When K is diagonal

Products of basis functions for vertical edges by basis functions for horizontal
edges vanish.

[ IfE:Ei+1/2’j,E ¢ FI

ZuFAK_lﬁF'gE: Z ZUF/QK_lﬁF'ﬁE:

FeA; TeN (E) FeoT

]‘ — — ]‘ — -2
Wit1/2,5 / 71 Vit1/2,5  Vit1/2,5 T o1 Vit1/2,5 " Vit1/2,5| T
Tij Mg Tit1,5 “i,5+1
1

1 — —
ui—1/2,j/ ﬁvi—1/2,j *Vit1/2,5 T Wit3/2,5 —k.l | Vit43/2,5 " Vit1/2,5
Tij 1) Ti—l—l,j 1,7+1

e If £ CT, say for instance ¢ = 0 (left boundary):

ZUF/QK_lﬁF.UE: Z ZUF/K_lgF'UE:

FeAy, TEN (E) FedT 2

1 — — ]‘ -2
“1/2,3'/ 71 U1/2,5  Viy2, T Us/2, 1 U3/2,5 V12,
Ty,5 ™M1y 1,5
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Using V, H as indices for the vertical and the horizontal edges we can write the
linear system as

Ay 0 —'Dy Uy F v
0 Ay —'Dgy Ua | = | FvE
Dy Dy 0 P F,

Matrices Ay et Ay are tridiagonal.

30



FINITE VOLUMES
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The PDE as a conservation law.

divu = f Is a conservation law.

This equation is obtained in two steps:

1. Write mass balance in a small volume T O

)
> (0 source

/ U= /f { <0 well

JOT T

échange  exterior = 0 what goes in goes out

contribution

2. Make T infinitely small Q — 3 e

32



2.

3.

4.

Finite volumes as a method which models the physics

In a finite volume method:
skip step 2

T is a triangle or a rectangle
p Is constant over T

give a rule to calculate @ - 77 on the edges

33



Classical formulation of cell-centered finite volumes

divu = f, uv=-K gr_z;d p dans €

—m . h .
p = p sur 0f) ‘ - y
ij+1

A rectangular j+1/2

mesh for 2 hsz ij i+ 1,4 j
j—1/2
71
i—1/2 i i+1/2 :

The unknowns :

pr an approximation of the average value of p over the cell T.

wg an approximation of/ u-ng, ng = ny if B vertical
E

—

ng = 1Ny if E horizontal

34



Rectangular finite volumes

Integrate over the cell T3, :

E; -
/ divu = / U-n= / f T} - Ti1/2,5
T 8Tij T .

i 1]
u-n+ / u-n = / f
Ei 179, T;j

/ u - ﬁ+/ U - ﬁ+/
E E E
Wit1/2,5 — Wigj—1/2 T Uij41/2 = Ui-1/2,5 = / i

i+1/2,5 ij+1/2

i,j—1/2
This equation is approximated by

A finite volume consists in specifying
how to calculate the u; /5 ;'s in terms of the p;;’s.
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o kLo
Assume K is diagonal: K =

0 K2
It is natural to approximate =—K grad P
1.1 pi—l—l,j pz,]
by Yitdg = ki+%,j hiithi it ha
2 i, Tit1,
E. 1.
Z+_7]
How to choose k' |, 7 :
7’+§7]
)
(ki ; + ki, ;) the arithmetic average
i+5,] T 1 the harmonic average
1
\ Z‘|‘17]

36




1
Arithmetic average: 5(3 +7)

T— 00
— O

For a fixed s:

r—0

DO »

Harmonic average:

I+

S

For a fixed s:

The harmonic average is better
since it allows no flow to enter a cell with 0 permeability.

37



Combining

i+l T Wil U L UL / /
with
Pi+1,5 — Pi,j
= k!, Dibi T Pigy
12,7 i+5,7  hiir1thi
2

we obtain

p’l:_l_l,‘ ’ p.._ ._1 .
NI~ B Ry T R N
i+35,] 1,i+1+h1; i—3,J  hiit+hy i1

2 2

Pij+1 — Pi,j 2 Pij — Pi—1
—]{72 . 3 ) h k4 J 1,5
z,j-|-% ho j+1+h2] 12 + 7,,]—% h23—|—h,2’j 1 h - f

2 2 1
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We divide by hq;ho; and that gives the five point scheme:

kLo kLo k2 k2
1 s ¥ A ity =3
p“rl’jh hyiv1tha pz_l’jh ‘hyi+hiiq pz’jJrlh ho jy1+hoj pz’j_lh ‘ho j+ho i 1
Lz 2 L 2 27 2 27 2

K] L k2 k2 |

;. ’H-%,j 4 i—%,j ’L,j—l—% 7,’]_% B 1 f
v hiiy1+hi; hii+hy i1 ho jr1+ha; hoj+hoai 1| Raihos
hli 7 > 7 hli 7 > 1 h2j J 5 J h2] J 5 J hlzhgj Tij

When h = h; = hs and K are constant, with & = k' = k2, this equation results
in the standard equation:

uay )= [
h2 p’L—|—1,j pz—l,j pz,]—I—l pz,j—l p’L,j _hlith T,L-j
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On the Dirichlet boundary I'p: p = p.

Say for instance for the left boundary:
P1,j — Pj =
Ui = ki i1 Jh?] J
2+ shia
1 _ 11
with k% = ky
The corresponding equation is now
ki k2 k2
o ' 27] o ) 9.7+2 L ' 19] 9
pQ’Jh h12+h11 P1,j+1 ‘ha jy1tho P1.j-1 ho j+ho ;1
1,1 2 2,7 2 J 2
k‘% : kl , k2 k2. 1
_|_p fa] 1,] _|_ 7]+2 17]_2 —
1,1 hi2+hi11 h? ha jy1+ha ; ho j+ho j_1
hi1——— Ll hg s ho ;
_ 171 2 T 27.7 2 27.7 2

40
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On the Neumann boundary I'y: @ -7 = g.

Say for instance for the left boundary:

ug ;= —9ha /
Then we obtain 1
Ll k2 k2
p2’3h hio+hi pl’”lh hajritha; pl’J_lh hajtha i1
1,17 5 2] 2 2] 2
ki k2 k2
n 5.7 Lj+3 1,j—3 _
P11 B faethin g hajyidhoy oy hajthe g
| 41,1 2 27 2 29 2
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Mixed finite elements vs finite volumes

Assume still that K is diagonal.

Use trapezoidal rule to calculate the coefficients of A. Then

1 ~ | . I [ hi  hiir
T ie1/2,5 Uitz + A Tl I M
T;; Rij Tip1 Vij+1 2\ o

I .
/T T Vim1/2,5 " Vig1/2,5 = 0

g U]

1 .
/T A Uit3/2,5 " Vit1/2,5 =0

i+1,7  %,J+1
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Therefore the matrix Ay becomes diagonal. Its rows correspond to the

equations:
kl
U‘ 1 L, = — —_— . P . . h .
1+35,7 (h1>i—|—% (pz+1,3 pw) 2)

J

_ k1 1 _ k1
with — = = the harmonic average of —.
ha i+5g 1 (hu + hl,i+1> h
2\ kil kL.
1) 2,7 +1

This formula for u, 1 . is slightly different from that given before for a standard

finite volume method.

1
—|—§7

It is natural since one can realize that the coefficient in front of (p;+1 ; —pi j)he;
is actually like k' /hy (and not just k).

It gives better results in cases where there is also a sharp change in h;.
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What did we actually do to obtain finite volumes from mixed
finite elements ?

We approximated a by aj such that

a,(ﬂfh, ﬁh) = / K_lﬁh I — E / K_lﬂfh - Uy,
Q T

TeT,,
— — —1—» —
an(Un, Up) = ) j{ K™ iy, - v,
TETh T
where is an approximate integral over T' calculated with the trapezoidal rule in

T
x1 for the vertical edges and in x5 for horizontal edges.
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The bilinear form a;, can be rewritten as

an(Up, Up) = SJ SJ &T,F/ﬁh°ﬁF/’l7h'ﬁF-
2 F

TeT, FCOT

1
1 hoe

1
2| | k- g)

with ar gy g = for a vertical edge F.

This gives a matrix A;, corresponding to ap which is diagonal.

CLh(ﬁE,TTE) = OQT\(E),E + QTy(E),E> Tl(E),TQ(E) < N(E), if B/ ¢ I,
an(Ve,Ug) = apmpy,e IfECT,

ah(@’E,'E’F) = 0 if £ 75 F.
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The new approximate formulation is

/

Find @, € W), and p; € My, such that
Pony  an(t,oh) —b(0h,p5) = Iw(th), Up € Who,

b(ty, qn) = Imlqn), qn € My,.

\

which is equivalent to the cell-centered finite volume formulation on rectangles.
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The algebraic system is now

A, —tD | | U F,
D 0| | P F,

The row equation associated with v}, = U reads now

(ary(B),B + Q13(B),B)UE = Py T Prymy = 0: ELT,
ar.E Up —p}l(E) +pp=0, ECT.

One can know eliminate U™ to obtain the linear system for P*
(DA;''D) P+ = F, — DA, 'F,

where DA}:“D is still a sparse matrix (5 diagonals).
Did we lose accuracy by replacing a by aj, ?
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Le cas des triangles

Base de WT ;
B 1 x1 — S 1 -
/UT,EZ' — . — —S’LM7
T\ 4y— sy )~ 20T
1=1,2,3 S1
nTy nr,

Les ET,E,L- vérifient / 17T>E’é . ﬁTj = 51]

L

48



Base de W}, :

(

ﬁTl(E),E(x) Sl x € Tl(E)
UE(ZU) =49 - ’17T2(E)’E(CIJ) Sl x € TQ(E)

0 ailleurs
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Volumes finis triangulaires

Comme pour les rectangles on approche a par a; de sorte que

a(tp, V) = E K™y, - vy,
TETh\T -~ /
al' (@, o)
3
ah(uh,vh) — E E arT E, Up, nEZ/ Up - NE;
TeT, i=1 i L J
at (@, Tp)

La matrice de a; est diagonale.
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Trouver u,; € W, et p; € M), tels que

an(Up,0n) —b(ph,0n) = g(Uh),  Un € Wh,

b(ﬁ;;7 Qh) — f(Qh)a dn € Mh-

Le systeme algébrique s'écrit maintenant

A, —'B U* F
B 0 P* F

La ligne du systéme correspondant a ¢ s'écrit maintenant

(ary(B),B + Qny(B),E)UE — Pry(E) T Prye) = 05
E ¢ 09,
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On peut donc maintenant éliminer U* en maintenant la structure creuse de la
matrice en P~.

Reste a choisir les coefficients ar g, de sorte que la précision ne soit pas affectée.
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Estimations d’erreur

a et b sont comme avant, vérifiant les hypotheses de continuité, de V-ellipticité,
et la condition inf-sup .

Théoreme : Hypotheéses sur ay, : il existe A*, o* indépendantes de h telles que
(H1) an(tn, vn) < A*[|dn|[wl|Onllw,  Un, Op € Wh
(H2) an(Uh, Un) = @*[|0n I3y, Uh € Vi = {Uh € Wi | b(Th, qn) = 0, qn € My}

Alors il existe C' telle que

1 = llw + lp = prllm

sc{ inf <|aﬁh|w+ sup “““"““‘“”“”“) + inf <||pqh|M>}.

UhEWh ThEW), 771w an €My,
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On connait déja les erreurs d'interpolation :

inf — < Ch int —v < Ch(l||lu divu .
thethHp grllam < Chlpll gy, ,Uhlélwh(HU Unllw) < Ch([[dl] my ) +Idivil] m, )

Il reste a vérifier les hypotheses (H1) et (H2) pour appliquer le théoreme, et a
évaluer 'erreur a — ay,.
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Vérification de I’hypothése (H2)

.. 1 . .
Les coefficients ar. g, = —M(KflSlsg) - 5957,
1 1

(K715551) - 8355,  ap g, = (K;15555) - 5185,

&TaE2 —

AT AT

sont choisis de sorte que

Lemme :

aT(ﬁh,ﬁh) = ag(ﬂ’h,ﬁh), ﬁh,ﬁh c VT — {’t_f c WT; divu = O} — (PO(T))2. (1)

Corollaire : I'hypotheése (H2) est vérifiée.
En effet, pour v}, € Vp,

an(Un, On) = Y ap (On, ) = Y a’ (U, 0n) = a(Th, B) > af|Ta[3y.
TeT,, TeTy,
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Vérification de I’hypothése (H1)

On va montrer que
lay, (Tn, O)| < Cllinllo,||Un]

ce qui implique (H1).

Passage a I'élément de référence : etc...

56
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Estimation de l'erreur a — a,

Lemme :
inf ||?7h — Vg 0,7 | < Ch”diVﬁhHo’T, Up, € Wy, (3)
vo€(Po(T))?
T|divu,
En effet, soit tip € Vr tel que v}, = U+ B(Ur1+Ur2+Ur3) avec 8 = 7 3IV’Uh.
L 1 - S .
[0 =03 = By [ (S -+ Sahd + S5hay
’ AT Jr
2 = = VT RY
— — S1 M + SoMs + S M.
612\T\,Z (S1My + S2Ma + S3M3)

1=1,2,3
ou My, My, M3 sont les milieux des arétes opposées aux sommets S, S5, S5.
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etc...

Donc

3
[ = Toll§,r = 557 Q1B Idivanld 7
=1

ce qui implique le lemme.
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On peut maintenant estimer a — ay,.

Proposition :

inf sup A0y Tin) = A (Tn, 7in) < Chl|u]|w. (4)

ThEWh 7, €W, 177w

Preuve : Pour tout vy, ny, € Wy, il existe vy, 19 € Vo Vérifiant

1T — Tollo.r < Chl|dive,

0,75 || — Tollo,7 < Chlldivij,|o,7- (5)

Un, 1) — a3 (O, ) = a® (U, T — 7o) + a™ (T, — Vo, 7o) + a’ (To, 7o)

—la}. (On, Tn — 7o) + a, (Vn — To, 70) + af, (To, 7o)]

59



L'égalité (1) et les inégalités (2),(5) impliquent

B

I

C(1[Tn]

™ (T, 7n) — ay, (T, )] 0,7/|Th — Tollo,7 + ||Uh — Uollo,7||70]0,7)

< Chr(|Bnllwyllinllwy).

Donc, pour tout v, 7, € W), on a

a(Un, Tn) — an(Un, 7n)| < Ch(||Tnlwll7nllw)
sup a(vhﬂ?h): ah(Uhmh) < Ch||77hHW-
7 EW, 7R [

Si v, = lju alors

a(Ilya, 7y,) — ap(Hpd, 7n)
sup

— < Ch|Ipil|lw < Chl|i]jyw
7 €W, 7R [

et I'inégalité (4) est vraie.
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Fin des estimations d’erreur

Grace aux estimations d'interpolation et a I'estimation (4), le théoreme 1 nous
permet de conclure :

1 =y llw + llp = Phlla < Ch(llpllre + lldlle + [divill,q)-

Remarque : Pour que |'analyse ci-dessous fonctionne il faut que les coefficients

ar, g, t = 1,2,3 soient strictement positifs

—> les angles des triangles de 7}, doivent €tre tous aigus.
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Qualities and difficulties of the finite volume method

e On rectangles it is simple, leads to a positive-definite matrix, and satisfies
the maximum principle

e Difficult to formulate for difformed rectangles and triangles
e For triangles restriction on the meshes

e Complicated formulation when K is not diagonal
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OTHER CELL-CENTERED DISCRETIZATION METHODS
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Mixed-hybrid finite elements

Instead of calculating u; € W), we now calculate

iy € Wi = {0y, € (L*(Q)*00|T € W, T € Tp,}

Functions of W} are not required to have their flux continuous across the edges.

Continuity of the flux will now be written explicitely.

We need also
Nu =A{pn € Ugea, pe, e € R}
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The mixed-hybrid formulation is

Find @}, € W}, pjy € My, A € Ny, such that
/K_lﬁfwﬁh—/pﬁdiv’ﬁh%- Z /)\hﬁh"ﬁTZ/ —pUp, - N,
T T EcoT ¥ I'p
UhEW;;,TE%
/diVUhth/fqh, qn € My, T €7,
T T

— Z wy -fip pp =0, Ee€An, EZT, up €Ny
Te7,,0DOF

ﬁzﬁlE:g‘EL E Cly,

)\h|E =p, FECIp.
Ap, represents a trace of the pressure on the edges E € A;,.

We check easily that py = pp, U} |7 = Un|r, T € Tp.
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The linear system

A* —'D ‘B || U* F,
D 0 0 P F,

A* is block diagonal; we can eliminate U* = A*(=D(F, 4+ ‘DP +*BA) to get

F,— DA*VF,
F,— BA*-VF,

DA*-VtDp  pA*=Ltp P
BA*-UtD BA*-LtB 4 T, A

The matrix DA*CD D s diagonal, so we can eliminate P:
P = (DA*VtD)YE, - DA*VE, — (DA*U*B)A] to obtain

HA =G (H sparse)
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where H = BA*DIB 4+ I — (BA*EDID)Y(DA*ED D)y~ YDAV )
G=F,— BA*Y) — (BA*CVIDY DAV D)"Y F, — DA*-VE,)
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Properties of the matrix H

e M is sparse

The number of nonzeros in the line E is equal to the number of neighbouring
edges + 1 (for F itself) (7 for a rectangular mesh).

e H is positive definite

To prove it, assuming (HA,A) = 0 we have to show that this implies A = 0.
Then

(BA*"VEB 4+ Ip)A, A) — (BA*CVIDYDA* VD)"Y DAV IB)A, A) = 0
Introduce P = (DA*=D!D)=1(—(DA*(=VtB)A). We obtain

(A*CVEIBA EBA) + (IpA, A) — (A*VEDP BA) =0
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But equation for P implies that
(DA*EVEDYP, P) + (DA*CVEIB)A, P) = 0.
Adding to the previous equation gives
(A*CDEDP +'BA),'DP +'BA) + (IpA,A) =0

Since A*(=1) s positive definite and Ip is positive semi-definite, this implies that
tDP+'BA =0and A\g =0,F C I'p.

Equation ‘{DP +*BA = 0 says actually that
Pr—Ag=0E>TTeT,

which means that the pressure is constant over (2.

But from A\ =0, FE C I'p it follows that P = 0 and A = 0.

69



A PROJECT
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The problem

3/4
r, | E
S _ 1 3/4
divi=f, u=-—Kgradp, inQ=(0.1) x (0,1)
p=100onIy, w-nm=0only w-n=10on ;. m
r2
T
10 O 10 O 10 9
1. Solve for K = , K = , K =
0 10 0 100 9 10
1 0 _ 10 O _
2. Solve for K = In the shaded area, K = outside the
0 1 0 10

shaded area.

3. Calculate the errors ||p — prllo, [|[v — wn|o-
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A remark on checking the program

One check of the program follows from choosing u € W,,.

Since Wy, C W, My C M problem P,,, implies

—

Cl(ﬁ, ’l_])h) _b(’l_fhap) — ZW( h)7 U € WhOa

b(ﬁa Qh) — l./\/l (Qh), dn € Mh-

Denoting II;p the L?-projection of p, since div is a mapping from W), onto M,

we have / diviy (p — pp) = 0 for all ¥, € W,
Q

Therefore u € Wy, II,p € My, is the unique solution to the equations :

—

CL( 777h) _b(ﬁhvﬂhp) — lW(”h)? U € Wh07

b<ﬁa Qh> — ZM(Qh)7 dn € Mh-

]



Thus, to check the program,

1. choose ©w € W),

2. calculate directly/

1
u-ng, £ € Ay as well as—/p, T e Tp.
E T Jr

These numbers should be equal to ug pea,, Pr,reT, calculated by the program
up to the machine accuracy.
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